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The admissible closure conditions can be completely determined in the limit of vanishing cor­
relation length. In this case the Lundgren hierarchy can be solved, since this irregular state persists 
in the course of time. The electric field on the other hand loses its statistical character. — The 
results can be extended to examples of homogeneous turbulence with a finite correlation length.

In  a preceding paper 1 we deduced a hierarchy of 
equations for the statistical description of Vlasov- 
turbulence in terms of its jo int probability distribu­
tions. This corresponds very closely to a result 
which has been given in the case of ordinary Navier- 
Stokes-turbulence by L u n d g r e n  2. We were able to 
define, at least in principle, the admissibility of pos­
sible closure conditions for the infinite set of equa­
tions.

For the case of a product measure a complete 
treatment is posible. As was to be expected, even in 
this restricted case a wide variety of solutions can 
be found. Since the corresponding stochastic field 
is highly irregular, it would be better to consider 
this as some kind of limiting case for very short 
correlation lengths. In this sense one can expect the 
integral-expressions for the electric fields to exist. 
In particular it follows that the electric field be­
comes statistically sharply distributed. This fact al­
lows a simplified derivation of the time-dependence 
of the distribution-functions.

The first chapter is devoted to these derivations. 
In the second chapter we consider some possible 
methods of solving the equation of motion. The re ­
sults can be generalized by superposing different 
statistical ensembles. This procedure is comparable 
to the introduction of the density matrix in quan- 
tum-mechanics. In particular examples of homo­
geneous turbulence can be achieved this way. The 
restriction to one dimension is only for convenience.

1. A Class of E xact Solutions

It seems laborious to establish the restriction on 
P t for the admissibility of higher orders. But there

is a special case, for which the argument of (I) can 
be extended to all orders. The simplest case cor­
responds to a product:

Pk( l , 2 , . . . , k ) = P 1(l)P1(2) . . .Pl (k) (1)

if all (Xi, are different. Clearly all the Kolm o­
gorov requirements are fulfilled. Inserting (1 ) into

3? +  I  dt
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yields the following sufficient relation:
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(2)

(3)

if we return to the Vlasov case with fixed ion-back­
ground.

From  (3 ) we see, that E (t ,x )  is the mean value 
of the electric field. I f  we calculate its fluctuation, 
we get upon using the correlationless assumption

E 2(t ,x)  =  fj G ( x - x ' )  G( x  — x")
•f ( x ,  u ,  t) f  (t, x",  u") dx' du dx" du".

Hence this is =  E 2 (t, x)

which means there is no fluctuation within the elec­
tric field:

P ( t , x :  E)  = d ( E  — E ( t , x ) ) .

Despite the fact, that f ( t , x , u )  is itself very random­
ly distributed one obtains for such integral expres­
sions of / as the electric field a sharp — non-ran­
dom — distribution. We want to discuss the reason
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for this behaviour which also will lead us to a more 
direct derivation of (2) and (3) without using the 
Lundgren-hierarchy.

The ansatz ( 1) , corresponding to uncorrelated 
values in immediately neighbouring points, evident­
ly leads to a set of very irregular and discontinuous 
sample functions.

Hence one may wonder how an integral — such 
as that needed for calculating E(x) — could even 
exist. Actually, due to a theorem of D o o b  3, this 
does not hold. Nevertheless, we may consider our 
case as a limiting situation of more regular ones, 
which are described by a short-range correlation 
length I, if we let the latter tend to zero. Actually, 
in this limit, the integrals are independent from the 
way in which we let / — 0 and also the influence 
of the correlation-terms remains small for any finite 
time.

The following remarks offer no exact proof, but 
only suggest, why this may be possible. We con­
sider at first a game, which yields a single sample 
function in accordance with the statistics (1 ). For 
simplicity we suppress the variable u  and restrict 
ourselves to a unit interval 0 ^  x <: i  assuming 
further, that Px{x: j) should not depend on x. Then 
we have for different points Xj:

P k O i : /i ;  —  ; * k '  /a-> =  I J P i U i ) -  
i= 1

One may be tempted to construct a sample function 
by the following play. Choose /x at point xx =  0 
from a sequence of random numbers whose magni­
tude are ruled by Px (/), then at point x2 =  1 choose 
/2 in the same fashion and so on at x3= l /2 etc. 
What we get is a denumerable sequence of points
(X’i 5 fi) •

Define
/(")(*) =/i if Xi<Lx<:ri + 1 , i ^ n

which is a sequence of step-functions. For any two 
arbitrary points x + y we can always find an index 
N(x ,y ) ,  such that /(”) (x) is distributed indepen­
dently from j (y)  for n > N ( x ,  y ) . In this sence 
/<*>— / .

Now consider, for example, the integral 
l

/  =  f f(x)  d x  
o'

3 J. L. D o o b , Trans. Am. Math. Soc. 42. 107 [1937], Theo­
rem 2.4. Compare also his textbook: Stochastic processes, 
Wiley, New York 1953, chapt. III.

which we approximate by 
l

In =  | /M (x) dx .
o

In the sense of Lebesgue, we must ask for the meas­
ure of the set of all points for which

f {x )  a .

Evidently since / was obtained from an infinite 
sequence of random numbers ruled by P(/), the 
above mentioned set of points should be measurable 
and its measure given by

Prob {/ (x) 5  ̂ a} . (4)

Especially if we consider the f n\ this is evidently 
converging to (4 ). Hence we expect

/ =  , f / P ( / ) d /

which shows that we get this “ergodic” result for 
any of the sample functions. This corresponds to 
the fact, that I  is sharply distributed:

P ( l ) = d ( I - f ) .

Now, if we had chosen some other sequence which 
also forms a dense set, we would have obtained the 
same result. In fact, writing l n explicitly as

where

l n =  I f i ^ ' A x ^  
<*=1

j * s * > - 4 - 1

we get

i
S Z „ ( £ ( / 2) - ( £ ( / ) ) 2) .

Here ln is defined as

ln =  max (zJxj-n))

which tends to zero for n —> oo , and hence our in­
tegrals converge to a fixed sharply distributed value. 
In this sense, the limit is independent from the way 
in which it is approached.

Also within the equations of motion, we expect 
small corrections, that is,

3 P 1 , 3P> i P  3 Px
dt

In the considered limit the influence of the correc­
tion terms may be made as small as desireable for 
any finite time-interval.
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Also we remark, that any Steklov-averaged func­
tion of a sample

X + e

ft(x) =  v r  f fix') dx'2 £ .
X  — £

should be sharply distributed, and in case of rather 
continuous averages / we expect for any small
e > 2 d n

/ . ( * )  ~ / l * )

which shows, that we are treating an extraordinary 
small scale turbulence. Due to this behaviour we 
expect similar results to hold for E(t ,x) .  But if 
E (t, x) is sharply distributed, the characteristic 
mapping of (I. 8) would apply. Expansion of this 
formula (1 .8) leads back to (2 ).

2. Solutions

Our equation for Pt corresponds very nearly to 
the original Vlasov equation. In fact, if we multiply 
(2) by / and integrate, we get

§  + u f + E f = 0at ox au

whereas Poissons equation (3) reads
3 E 
3a! = W ~

(5)

(6)

This shows that the mean-value of / has to be a 
self-consistent solution of Vlasovs equation. If we 
assume the system (5) and (6) to be solved by 
some function f ( t , x , u ) ,  we may easily construct 
solutions of Eq. (2) for P1 . A simple possibility 
is the following:

Let p(£) be a distribution function in one vari­
able with

p (f)  =  0 if f < 0  (7)

and

Then we define 

P1{t ,x,u:  f) =

J p ( £ ) f d f =  1. (8)

/
/ ( t ,  X , u)

H I) if / (t, x, u) =  0 .
(9)

It is evident, that both possibilities for P 1 are con­
tinuously connected, if / (t, x, u) is itself a continu­
ous function. Therefore we may consider P 1 as a 
function of /(/, x, u) :

P1( t ,x,u:  /) =  function (/(i, x, u))

where / only plays the role of a parameter. But 
since /  is a solution of (5) — or (2) — any func­
tion of / is also a solution of (5) or (2 ) . Hence P x 
is a solution of (2 ) . It is further evident that (3) 
is fulfilled, since we have by (7) and (8)

j  P1( t ,x ,u:  f) f  df  = f  (t,x, u) (10)

and therefore our P 1 produces just the correct self- 
consistent electric field, because / was assumed to 
be a selfconsistent solution.

It is remarkable, that with the help of any self- 
consistent solution f  (t, x, u) of the original Vlasov- 
equation we are able to construct a wide variety of 
possible solutions of the Lundgren-hierarchy. The 
arbitrariness enters through the distribution func­
tion p ( f ) ,  which is only very weakly restricted by 
(7) and (8 ) . Now we will show, that an even lar­
ger class of arbitrary funcitons is consistent with 
Eqs. (2) and (3). To this end let us assume f ( t ,  x, u) 
to be bounded

f(t, x, u) < C .

Then for any constant a with

0 < a < l / C  (11)

we have / — a/2 > 0  if / >  0

Now consider n +  1 arbitrary functions pk , all un­
der restriction (7) and (8 ), and choose arbitrary 
positive constants ß\ with

n + 1
2  f t  =  i  • 

i=l

Then P1 (t, x ,u :  f) :

_ V  /? 2 ( ßkf  ___ \ _____  1_______
-  Z P k  Pk \ak - l ( f k Z a fk+l)) ak-lCfk- a f k+1)

+  ßn + 1 Pn + 1 

- < * ( / )

ß n  +1 /
if /#= 0an f n J o.n f n 

if / =  0

is a normalized distribution and

f Pi /  if -  i  a*-1 (/* -  a / *+1) + =■"/" = /
1

as is demanded by (1 0 ). That P1 is a solution of
(2) is evident by its construction. In particular, if 
we consider sequences {ß k iP k }  the limit n —> oo 
applies, since

by (11).

a" f n - >  0
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The general idea behind these constructions is 
the following: Assume the electric field E{t,x)  as 
a given parameter. Consider a sequence {9?a} ° f  
different solutions of

3 <Pk , 3<Pk F  3 <Pk _  n 
-  -fu  j  + L n  —  u at ox au

such that
3 E  
3— + 1 = 2  T <Pk(t,x,  u) du . 

x A J

Then it is posible to build up with the help of dis­
tributions whose mean-value is 1, a common distri­
bution

k=1
ßkf 1

<pk (t, x, u) ]  9Ok (t, x, u)

which is a solution of (2) and (3) as before. 
Surely the above considerations will not exhaust 
all possible solutions. But they do demonstrate that 
there exists a manifold of solutions, which are con­
sistent with a given mean electric field, and which 
are much more numerous than was expected from 
the original Vlasov equation.

This enlarged range of possibilities for / enters 
into the description of all nonlinear expectation 
values of / such as the entropy

— £  { f / In / dx da} 

whereas e. g. the mean temperature or 

£ { J 7  u2 du}

and similar expressions are not influenced by the 
different choices of Px .

There are some far reaching differences between 
the ordinary solution of the Vlasov equation and 
our statistical treatment.

(i) Despite the fact, that we may assume the 
mean value f ( t x , u )  to be a continuous function, 
our product measure (1) enforces the correspond­
ing sample-functions to be highly discontinuous.

(ii) We are not able for instance to describe a 
homogeneous turbulent plasma. We have of course:

E (t, x) —E{t,x)  =  0 .

But since E was sharply distributed E would vanish 
identically.

We may overcome these difficulties at least par­
tially by using te superposition properties (I, the 
end of chapt. 1). Choose positive constants yQ with

2 ^ = 1

and assume different solutions of the previously dis­
cussed form to be given: Then we may mix up a 
new solution by

(12)
Q

where the are determined as solutions of

3 / V  3 Pts rn  3 P ,s  A
+ u V -  +  =  0

of 3 a; au

and
3 E q + 1 du d/ Px9.

Now we get for the average electric field

E{t,x)  =  2  7o Es{t, x)
e

(13)

and for its correlation

E(t,x)  ■E ( t , y ) =

This is evidently

2  y0 E *( t , x )E *( t ,y ) .  (14)

+ E{t,x)  E (t, y)

and hence we have a finite correlation.
It should be mentioned, that (13) and (14) yield 

in some sense a possible answer to the question of 
the closure of the electric field-equations: They de­
scribe a loose connection between the average elec­
tric field and its correlation, which may be formu­
lated in the form of the following representation 
theorem: An average electric field E (x , t ) is com­
patible with an average field-correlation g(x ,y ) ,  if 
there exist constants , y2 , • • • and solutions of 
Vlasovs equation /*, /2, . . . with corresponding self- 
consistent electric fields E1, E2, . . .  in such a way, 
that the following representations hold:

E(t ,x)  =  2  70 Ee (t,x),
Q{x,y,t)  =  ' l y 0 E'{t,x) E*{t ,y) .

But of course, these are only sufficient conditions 
for admissible .E-fields, due to the special ansatz
(12) which we have chosen.

The result which we have just derived, is not yet 
well suited for the description of homogeneous 
turbulence. We may easily obtain E = 0, for in­
stance with

7i =  72 = 1 / 2  E 1 (t, x ) =  — E2 (t, x )

and simultaneously o #= 0. But we want two further 
properties of o:

Q should only depend on \x — y\ , and

lim o(x, y) = 0
|a:—2/|—voc
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where the last property describes some kind of 
clustering ( I 10).

In this situation one should apply a different 
mixing procedure such as is used in (I. 10) and 
consider the limit L —> oc

+ L

P1{t ,x,u:  f) 2.Ye Pie (t ,x + g,u:  f ) d£ .
—L

Corresponding formulas apply for the higher dis­
tributions. In particular we get for the mean-value 
of the electric field:

(E(t, x ) ) =  2  Vo < E9 ) = independent of x

if we denote the “smearing out” by brackets. The 
correlation now automatically depends only on the 
difference (x — y).  The clustering can be achieved, 
if E (x, t) has the space-dependence of a so-called 
“fonction pseudo-aleatoires” 4.

We have not avoided by this procedure the dis­
continuity of the sample functions. This can be seen 
as follows:

If they were continuous, we would expect con­
tinuity in the mean:

£  { [ f ( t , x  +  h,u)  — f(t, x, u) ] 2}  - >  0 

for h - >  0. Explicitly stated for x =  0 :
+ L

2 L | 2  yy(j„2(t,x + h,u) + f 2{t ,x,u)
— L

— 2 /„(t, x +  h, u)fv(t, x, u) ) dx .

Because of the homogeneity of the result, we are 
allowed to write f 2{ t,x,u)  instead of fv2(t,x + h, u) 
and we get

+  L

l  I 2  Y v { f v z ( t , x ,  u )  - f v ( t , x  +  h , u ) f v ( t , x , u ) } d x .  

- L

Expanding around h = 0 yields
+  L

lL \ 2  Yv X, u)  -  f v2 {t, X, u)
- L

- dx.

In order to have this expression vanish it is neces­
sary that 

+  L

lim I (fi?(t,  x,  u) — f y2 (t, x,  u ) )  dx 
L-* oo L J

- L
+  L

= £im  ̂ j  U))2} d:r 
- L

should vanish. But evidently this is only possible, if 
/„ differs from its mean-value only in a finite 
volume, which is without influence in the limit 
L —> oo. This contradicts an assumption of homo­
geneous turbulence.

Concluding Remarks

We have treated a special case of highly irregular 
Vlasov-turbulence which is represented by the limit 
of vanishing correlation length. It is shown that this 
state persists in the course of time, whereas the elec­
tric field loses its statistical character. Due to this 
fact, solutions of the statistical equations can be con­
structed from the solutions of the original Vlasov- 
equation.

Finally the result can be extended in such a way 
that examples of finite corelation-length and homo­
geneous turbulence can be built up.

I wish to thank Dr. D. P f i r s c h  and Prof. Dr. W . 
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4 J . B a s s ,  Les fonctions pseudo-aleatoires, Gauthier-Villars, 
Paris 1962.


